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I construct on the Lie group R x H?® two different families of left-invariant metrics which satisfy the
Einstein field equations with incoherent matter, calling the Riemannian spaces M,, obtained this way,
Class I and Class III universes. We discuss the geometry of these universes. :

1. INTRODUCTION

Schiicking and I discussed recently® the physical
and the geometrical properties of the finite rotating
universe, the Class I solution, according to the
terminology introduced by Farnsworth and Kerr.?
The Class I solution is a family of left-invariant
metrics on the Lie group R x S® satisfying Einstein’s
field equations with dust.

In this paper, 1 discuss in a similar manner the Class
Il and Class III universes, which are two different
families of metrics imposed on the same manifold,
namely, one the Lie group R x H3 The Class IV
universes given in Ref. 3 receive their treatment in a
subsequent paper. The four classes exhaust all the
possibilities of homogeneous dust solutions of
Einstein’s field equations as Refs. 2 and 3 show.

In order to keep this paper readable independently
of Ref. 1, I repeat some general remarks made there
and suggest that the reader glance at Ref. 1 too.

2. USEFUL THEOREMS AND FORMULAS

As a technical introduction we list some well-
known theorems and formulas for later use.*

Given a 4-dimensional manifold M,, we denote the
vector fields on My by X, Y, Z, - - - and the 1-forms
by w, 0, ¢,--+. M, and the tensor fields can be

regarded as analytic. The exterior derivative of w is

given by
do(X, Y) = H{Xo(Y) — Yo(X) — o([X, YD} (2.1)
We denote the basis for the vector fields by

Xo, X1, X5, X3 2.2)
and that for the 1-forms by

o, o, w?, %, 2.3)
where

0%(X,) = 0%. 2.4
We introduce an affine connection on M, by

VXa(Xb) = [y’ X,. (2.5)

The connection form is defined by
w® = I',% . (2.6)

The covariant differentiation Vy is a derivation of
the algebra T(M,) of the tensor fields such that it
preserves the type of the tensor field and commutes
with all contractions. The covariant derivative of a
vector field Y is given by

Vx(Y) = &(Xan’ + n°Te)X,, 2.7
where
X =£&%X, and Y = 9°X,. (2.8)
The covarient derivative of a 1-form is
UX, Y) = (Vxo)(¥) = Xo(Y) — o(Vx(Y)). (2.9)
The components of the tensor field U, defined above,
are given by
Up = UX,, X)) = X, — Tytu,, (2.10)

where

U, = w(X,). (2.11)

The Lie derivative of Y with respect to X is defined by
Lx(Y) = Vx(Y) — Vy(X). (2.12)
One defines the torsion tensor field by
(X, ) = Vx(Y) = Vy(X) — X, Y] (2.13)
and the curvature tensor field by

R(X, Y)Z = VxVy(Z) — VyVx(Z) — V[X,Y](Z)'
(2.14)
The components of T and R are

T(Xy, Xo) = T%: Xy, R(Xw Xd)Xb = Rabcd X,
(2.15)
Cartan’s structure equations are
do® = —w®, A w? + 3T%,, 0® A 07,  (2.16)
do® = —w® A w?% + $R%, 0" Awd (2.17)
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We assume henceforth that

T =0, thatis, 7%,=0. (2.18)
We define the functions
c%, = —-C%, a,b,c, - =0,1,2,3, (2.19
by the equations
[X,, X.] = C% X,; (2.20)
then it follows, by using (2.1) and (2.4), that
dw® = —3C%,, 0? A w? (2.21)
and, from (2.16), (2.18) and (2.6), that
do® = —3(I',* — Ty H0? A 0. (2.22)
Therefore
c, = e — T (2.23)

We introduce a pseudo-Riemannian metric on M,
by the nondegenerate tensor field

g(X, Y) = g(Y, X). (2.24)

It is well known that on a pseudo-Riemannian mani-
fold there exists one and only one affine connection
such that
T=0 and Vgzg=0, (2.25)
that is,
Vx(Y) — Vy(X) = [X, Y] (2.26)

and

28(Vx(Y).2) = Xg(Y, 2) + Yg(Z, X) — Zg(X, Y)
+g(Y, [Z, XD + g(Z, [X, Y]

— g(X, [Y, Z). 2.27)
Suppose that
g(X,, Xp) = gop = diag (+1, —1, —1, —1), (2.28)
in other words,
g = g0l (2.29)

It follows then that
28(Vx (X)), X)) = g(X,, [Xo, Xo]) + g(X,, [X,, X,])

— g(Xa, [Xy, XD (2.30)
and, using the notation
Fa,bc = Fabd 8ic» Cabc = gadcdbw (231)
we obtain
Fabc = %(Cbca + Ccab - Cabc)- (232)

Using (2.1) and (2.17), we have
dw®(X,, Xy
= H(X0%(Xy) — X0%(X,) — o%([Xe, Xo]))
= — 0, (X)0%(Xy) — 0" (XD (X)) + $R%0a>
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and, therefore,
Rabcd = Pcfa def - Fdfa Fcbf - Ffba Cfcd

+ XU — X, T,0  (2.33)

It should be noted that the power of the formalism
developed above lies in the freedom of choice for the
basis X, X;, X,, X, of the vector fields or w°, !,
?, w® of the 1-forms, respectively [with the proviso
(24)]. In the following we specialize our manifold
M, and make a definite choice for the case most
adequate for our problem. The steps are as follows:
Suppose that the functions C%, are constants and
satisfy the Jacobi identities. Then our pseudo-
Riemannian manifold M, is a Lie group. Suppose that
M, is simply connected. Then it is the universal
covering group, uniquely defined by the Lie algebra
(2.20) of the invariant vector fields X,, X;, X,, X;.
The corresponding left-invariant 1-forms «°, w!, w?,
w?® satisfy

dw® = —§C%,w° A 0° (2.34)
and characterize M, equivalently.

We choose now, for the base of vector fields or of
the 1-forms on M,, the invariant vector fields X,, X7,
X,, X5 or invariant 1-forms w®, o', w?, w3, respec-
tively.

The requirement (2.28), that the X,, X;, X5, X3
should be pseudo-orthonormal, defines the left-
invariant metric. Or, equivalently,

g = 0wl 2.35)

Generally speaking, this choice of base and the
formalism sketched above allows one to discuss many
properties of the group or Riemannian space M,
from a simple knowledge of the constants of structure
C%,.. We do not have to specialize the coordinates and
can perform many calculations without an explicit
knowledge of the left-invariant forms. The most
important formal consequence of the above choice
is that the corresponding I"’s are constants [see (2.32)].
But, above all in importance, our results will be
global results since the theory of Lie groups® assures
us that these vector fields and forms exist globally.
Since the I'’s are constants, (2.33) reduces to

Riyq = T Ugy? — U T — Ty €7y (2.36)
The components of the Ricci tensor field are
Ry=Ry, =T+ C IS (2.37)

The field equations are

Gy + Agab = Ry — %Rgab + Agab = T KPpUUy,
wu® =1, (2.38)

where

R = Re,. (2.39)
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After a trivial computation, we obtain

R, = —wpugy, + (A + «p/2)gw, (2.40)

L
uu® = 1.

3. THE GROUP

Consider a 4-dimensional vector space over the
field of real numbers. We denote the base vectors by

3.1

and convert this vector space into an algebra by
introducing the noncommutative multiplication by
the following requirements:

€y, €1, €5, €3,

ee, =¢ee =¢e,, u=0,1,2,3,

€€, = —€p, €€ =€y, €3¢3 =€, (3.2)
€83 = —€3€ = —€;, €€ = —€e =¢€,,

€€, = —€,6; = €3,

We call this algebra Godel’s quaternion algebra and
the vectors

a = a'e, 3.3
Godel quaternions.®
Introducing the conjugate quaternion a* by
a* = g, — d'e,, (3.4
we have from (3.2) that
aa* = [(a")" + (a9)* — (@®)? — (@®)]e,
= (a° + (a")? — (a®)* — (@) (3.5)

We identified here the subfield ae, with the real field.
Consider now the normed Gédel quaternions, that
is, quaternions a satisfying the condition

aa* = (@ + (@) — (¥ — (@®)* = 1. (3.6)
They obviously form a group with respect to the
quaternion multiplication. Identifying the vectors
(3.1) with the unit vectors along the axes in a 4-
dimensional pseudo-Euclidean space of signature

++ - -, (3.7)

or Euclidean space of coordinates a°, a', a%, a°,
denoted by E*, we find that (3.6) is the equation of the
sphere or hyperboloid H?, respectively. The manifold
H?® with the quaternion multiplication (3.2) is a Lie
group, which we denote also by H3,

We want to obtain the left-invariant vector fields
of H?® in the coordinate system induced by the
Cartesian coordinates of the imbedding E* We
consider, therefore, in the point ¢, on H?® the three
vectors

€, + ee,,

i=1,2,3, (3.8)
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tangential to H*® and propagate them by the left
translations over H?* generating the three independent
left-invariant vector fields mentioned above. Since

a=ae;, a-+ ew,;=a(e,+ ee), (3.9

we obtain

w, = ae; (3.10)

as the vectors at a, corresponding to e; at e,. Defining
the components e;* of w, by
W, = ¢

e, (3.11)

we obtain, using (3.10), (2.3),and (3.3), the following
expressions:

elu = (—al’ a0> a39 _az)’ ezﬂ = (a2’ a3’ aO’ a1)9

e = (a®, —a® —a', a%. (3.12)
Therefore, the invariant vector fields
0
E,=¢f— 3.13
Py (3.13)
are given by
0 d 0 0
E, = -—alﬁ + a"a—a1 + a3672 - a25é§,
0 0 0 0
Ey= a°®— 8 — *— 1—, (3.14
2 aaa°+aaa1+aaa2+aaa3~ (3.14)
0 0 ) 0
E, = 3 0 20 10 2 0
8 ¢ 2a® ¢ oat da® + 0a®

Computing the commutator relations, we obtain

[Eza Es] = —2F,, [Esa El] = 2Eza [En Ez] = 2E3-

(3.15)
Introducing for later use new vector fields
Xo= —%E,, Xi= —}E;, X,= —3}E,, (3.16)
we obtain
[X1, Xo] = — X, [Xa, X0l = X1, X, X4l = X,.
3.17)

If we represent the unit quaternions

€y, €1, €2, €3
by the matrices

GG ) () e

respectively, every Godel quaternion

a‘e, .19
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goes over to the matrix

1 2
A= @t ata (3.20)
_al + a2 aO — a3
with
@2+ @2 - (@—-@P=1 (321

and the quaternion muliplication goes over to the
matrix multiplication. This expresses the well-known
fact that H?® is isomorphic to SLG(2, R).

We introduce on H? a new coordinate system

X0, x1, x? (3.22)

1 .
e sin 1x0

A = ( 1.1 . 1,1
e?® x2 gin 1x% — 7% cos £x?

The left-invariant 1-forms of a matrix group whose
general element is given by the matrix 4 can be
obtained by computing

w = At dA. (3.25)

As shown, for instance, by Flanders,” all matrix
elements of w will be left-invariant 1-forms. Carrying
out the computation indicated in (3.25), we obtain

—1(cos x° dx! + %" sin x° dx?)
—1dx® 4 } sin x0 dx! — e*" cos? §x° dx?
1dx® + 4 sin x° dxt + ¢ sin? $x° dx?
1(cos x° dx* + e*' sin x° dx?)
(3.26)

We select from (3.26) the following left-invariant
1-forms:
@ = dx® + & dx?,

N 1 .
! = cos x® dx! 4 ¢® sin x° dx?,

W =

3.27
w? = —sin x° dx! + ¢ cos x0 dx?
as the base for the 1-forms on H®. The corresponding

left-invariant vector fields, serving as the base for the
vector fields on H?, are given by

J
X, =2,
07 ax°
X, = —sin xoa—ao + cos x°-a—a—i + ¢ sin xO% ,
X X X
0 . 0 1 0
X, = —cos x*— — sin x®— + ¢™® cos x* — .
: ox° . oxt COS X 5
(3.28)

These are the vector fields defined by (3.16), written in
the coordinate system (3.22) as defined by the sub-
stitutions (3.23), as one can see easily by a straight-
forward computation.

ISTVAN OZSVATH

by the substitutions
a® = }e¥'x2 cos 3x° + cosh §x! sin 3x°,
a' = 3e¥'x? sin 1x® 4 cosh 4x! cos $x°,
a? = Le¥'x?% sin }x® 4 sinh 3x? cos 1x?, (3.23)
a® = —}et*'x2 cos §x° + sinh §x! sin 3x°.

(This is a two-parametric family of straight lines on
H*—x® and x' being the parameters—and x? is the
coordinate along the lines.)

This coordinate system covers H3 completely.
The matrix A4 is given in this coordinate by

¥ cos 3x0
et?'x cos? 1x® + e¥¢' sin %xo)‘ (3.24)
We now consider the group
M, =R X H, (3.29)

where the coordinate x3 is introduced on R and

0
oxd
Therefore, the left-invariant vector fields on M,,

XOa X19X29 Xsa (331)

X; = (3.30)

defined by (3.28) and (3.30), can be chosen for the
base of the vector fields on M,, and the left-invariant
1-forms

w?, o, w2, w?,
defined by (3.27),and

w® = dx®

(3.32)

(3.33)

are the corresponding base for the 1-forms on M.
The Lie algebra of the left-invariant vector fields on
M, is given by

[XI,X2]=_X0a [X25X0]=X1, {X03X1]=X2’

[X,, X3l=0, a=0,1,2, (3.34)
or, correspondingly,
dow® = o' A ©?, do' = —w? A 0°,
dw? = —w® A 0, do®=0. (3.35)

In the subsequent sections two different pseudo-
Riemannian metrics, invariant under the left transla-
tions of the group M, and satisfying the Einstein
equations (2.40), are introduced on M,, which is by
construction simply connected and, therefore, is the
uniquely defined universal covering group of the Lie
algebra (3.34). These manifolds are called the Class
IT and Class III universes. We discuss their properties.
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4. THE METRIC OF THE CLASS II
UNIVERSES

We construct the metric on M, as follows. We let

R>0 and %<k < @)% 4.0

be two real parameters and introduce a new basis in
the Lie algebra (3.34) by the following substitutions:

1/ 2 12(1—2k2))%
Y, == X, 4 (== N x, .
o R(4k2—1) °+R(4k2—1 8

2 Y. 2

=—X,, =——X,, 4.2
TRA—kFTY T RA+ KT
2 (1 — 2k} a1
Y3=_(_2_)Xo+"'_"‘7'_1 3.
R\4k? — 1 R (4k* — 1)F

We define the metric on M, by demanding that
Yy, Y1, Y3, Y3 be pseudo-orthonormal, that is,

2(Y,, Y,) = g, = diag (+1, —1, =1, —-1). (4.3)
In other words, we define the line element to be
dst = (B — (09 — (6% — (%, (44)

where 6°, 61, 02, 03 is the basis of the 1-forms, corre-
sponding to Yy, ¥, Yp, Y3 and given by

3 — 2 \%
IR PN
4k% — 1 2(4k% — 1)
6 = RI}(1 — Ko’ 02 = R[(1 + b*e? (4.5)
R{1 — 2k2)% . R 1 ,
-= o’ + = ——— o
2 (4k2 -1 2 (4k2 — 1)*

6 =

After trivial computations we obtain

ds* = GRPI(L + D)7 — (1 — K)oy
— (L + D% — (0% — 2(1 — 2Hke'’],
(4.6)

where the w’s satisfy (3.35) and are given in our
coordinate system by (3.27). We would like to make
the following remarks to (4.6). Since the invariant
vector field X, commutes with the other vector fields
X,,a=0,1, 2 [see (3.34)], X; is also a generator of
M,. Therefore, in a coordinate system where X; =
0/0x3, the w’s do not depend on x® [see (3.27) and
(3.30)]. But, since X, is not hypersurface orthogonal,
we cannot get rid of the “cross terms” in the metric.
Consider now the vector field K = d/ox2. One sees
that [K, X,] = 0,4 =0, 1, 2, 3; and that therefore K
is also a generator of M,; consequently, the w’s and
the metric are independent of x2. Since

g(K, K) = (R)*(2k — cos 2x%)e*' > 0
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for $ < |k], K is a timelike generator of M, and
x% a timelike coordinate. Therefore, (4.6) in our
coordinate system exhibits the fact that the metric
is stationary. But it is not static, since there is

. no hypersurface orthogonal time like Killing vector

field.

It will turn out that the vector field Y, is tangent to
the world lines of the matter. We introduce now new
coordinates

2, 5, 52, 3 @.7)
by the substitutions
2 = RI3AK — DI, #=x, 2=2x} is
= —(1 — 2kBx + x° (48)
or
xO —_ l( 2 )2-%0 xl — x~1 x2 — )?2
R\4k* — 1)~ ’ ’ 49)
1/2(1 — 21«2))%~0 '
X} === %2
R( w1 )t
We see that
9
Y=23, (4.10)

which shows that the matter is at rest with respect to
the coordinates (4.7).

Carrying out straightforward calculations, we find
that

0 l 2 %d~0 ) d32
) =zl =1 % 4+ exp (%) d¥°,
5
o' = cos —-( ) ast
R\4k% — 1
+ exp (&) sin —1—( )%JEO dz?
R\4k* — 1 ’ @11
: .
w? = —sin —1—( 2 )550 dx*
R\4K* — 1
+ exp (&) cos -1—( )%JNCO as?
R\4k? — 1 ’
e
o = 1(2——-(1 — 2k )) Az + dz®.
R\ 4k* — 1

Substituting (4.11) into (4.6), we obtain the metric
in the new coordinate system (4.7). Carrying out
these computations, we see that the metric has the
form

ds® = (d2°)? + 2p,0% dX° + §,,0°0°,
By, =123 (412)
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where j, and g, are functions of %° alone and &', &2, &® are 1-forms given by

i 2 Vo1 — ok
2 = O,sz( ),R( )) 4.13
2 ( a2 — 1) @~ q) (413)
-1 + k cos 2%° k sin 2%0 0
& = (3R k sin 2X° k(2k — cos28%) —(1 — 2k?) ], (4.14)
0 —(1 — 2kt -1
and where
ot = dft, @& =exp (¥)d2, & =d%, (4.15) B =1[(1 — 2k3/2(1 + 2k (4.21)
respectively. The 1-forms (4.15) are the left-invariant 204
1-forms of the group of Bianchi type III since T 0
dit =0, di? =@ A@®, di®=0, (4.16) P
as one sees immediately. Our solution is, therefore, a X, = —sin 2° —Q_—O + cos x° i_l
special case of spatially homogeneous solutions 0% 0%
admitting the group (4.16). y 0
We introduce now another coordinate system +exp (=& sin =,
X0, 3, X2, x° 4.17) _ 3 P 4.22)
X, = —cos #* — — sin X —
by the substitutions 23 0%
PR (1 —2k% X, Aexl Read + exp (—%") cos )“c"é?—_z ,
1+ 2k? *
L
2 ¥ 7 9
o3 3 Xy =—.
7 (1 " 2k2) x (4.18) 2= 5a
or 2 3 We now introduce a new basis for the Lie algebra
X0 = % 4 ( 1—2k )fx:a o=l 72 2 of the left-invariant vector fields on M, by the follow-
201 4 2k%) ’ ’ ing substitutions:

X = (1 + 263 (4.19)

We will see that ¥® = const are the H? hypersurfaces.
Carrying out these coordinate transformations, we
obtain from (4.2) the following expressions:

0

1 4k ( 2 )f—
= - XO
R1+262\4k® — 1

_2_( 1 — 202 f—

R\@k* — 1)1 + 2k3))
2
R — k)

2 . -

Y. ="‘—"—"—(—X sSin ‘8)23“{' X cos ﬁjs)’
PTRA+ P ’

2 1 (1—21«2)%_
e XO
R1+2k2\4k® — 1

s 3
+ik_( 2 ))73,
R \(4k* — D(1 + 2k?)

Y, (X; cos B3* + X, sin Bx°),

(4.20)

3

) 3
Zy = 2k2( 2) Y,
(4k? — 1)1 + 2k?)
B ( 1 — 2K )%Y
(4k* — (A + 2k %
Z, =Y, Z,=Y,, (4.23)

T ((4k2 _1 ;—)(ikjr 2k2))%Y°

N
1

+ 2k2((4k2 — 1)2(1 + 2k2))§Y3'

Since (4.23) is a Lorentz transformation between the
Z’s and the Y’s, the metrics defined by

gZ,,7Zy) = g = diag (+1, -1, —1, —=1) (4.29)
and

g(Y,, 1) = gg = diag (+1, ~1, =1, =1) (4.25)
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are identical. After obvious substitutions we obtain

2 —
Zo =3 Xo:
R(L + 2k2)*
) _ _
= —>=—— (X, cos Bx* + X, sin 5°),
1 R(l _ k)f 1 ﬁ 2 ﬂ
) (4.26)
= ———— (— X, sin 87® + X, cos Bx°),
2 R(I + k)f 1 ﬁ 2 13
2
Zy = 1—{ Xs,

where 8 and X,, X;, X,, X; are given by (4.21) and
(4.22), respectively. The corresponding left-invariant
1-forms are
¢° = 3R(1 + 2k»a",
¢ = IR — k)¥(@" cos 5 + @° sin %),
¢ = IR(1 + k)}(— @' sin B5® + @2 cos BF),
¢* = 1R&"
As the consequence of all that, the line element
ds* = (3R)¥(1 + 2k?)(@%?

— (1 — k)(&! cos Bx® + @2 sin fx%)?

— (I 4 k)(— @' sin fx% + @2 cos [5%)% — (@®%)>

(4.28)

is the same as (4.6) but is in the new coordinate system,
where @°, &1, @?, @° are given by

(4.27)

@ = dx° 4 exp (¥!) d7?,
@' = cos X° dx! + exp x* sin X0 dx2, 429
®* = —sin X% dx* + exp (%) cos X0 dx?, (4.29)

®® = dzd.

To sum up our findings, we see that we used two
different bases for the Lie algebra of the left-invariant
vector fields on M,, namely,

YOs Yl; YZ: Y3 (430)
and

Z0>Z1, Z2:Z3- (431)

We shall see in the next section that (4.30) is
intimately connected with the motion of the matter in
our solutions. (4.31) is distinguished by the geometry
of the 3-dimensional hypersurfaces corresponding to
the normal subgroup H?® of M,, as we shall see in
Sec. 6.

The three different coordinate systems employed
differ as follows: In (4.6) with the coordinates x°, x,
x?, x%, the x? lines are the integral curves of the time-
like generators of M,; in (4.12) the %° lines are the
world lines of the matter, as we shall see in the next

OF CLASS II AND CLASS II1
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section; in (4.28) the x? lines are perpendicular to the
3-dimensional hypersurfaces corresponding to the
normal subgroup. In case of kK =4 we obtain a
cosmos filled with radiation.

5. MISCELLANEOUS RESULTS AND THE
MOTION OF THE MATTER
Consider the basis Y, Yy, Y,, Y; defined by (4.2).
The Lie algebra of M, is given in this basis by the
following commutation relations:

4K 2 J
[f, Yol = =2 ((1 — K24k — 1)) X

2 —1k2;<42::— 1))%Y3’

1 —k 2 :
[Yza YO] = R ((1 _ kZ)(4k2 - 1)) Yl’
14k 2 Y
[YO’ Yl] - R <(1 _ kz)(4k2 — 1)) Yz, (51)
[Yy, Ys] =0,
v Y]=_2(1+k)( 1 — 2k )%Y
1> 43 R (1 - k2)(4k2 — 1) 2>
) 1 — 2k* =
%, Yol = + =— ((1 e = 1)) Y.

Using (2.32), we compute the components of the
affine connection:

1 — 2k 2 &
F012='." ( )

R \(1 — k@K — 1)’
F123=_1+2k( 1— 2 )%
R \(1 — )@kt - 1))’
Iy = — k(1 + 2Kk) ( 2 )f
R (1 — KB4k — 1 52)
r, - _1—2k( 1 — 2k? )? '
R \(1 — KB)@K® —1)
r, = _ k=28 ( 2 )%
R (1 — K¥)@4k® - 1))’
I‘312 = l( L — 2 )%
R\(1 — K®)(4k® — 1)

Using (2.37), we see that the components of the Ricci
tensor field are given by

4x* 2(1 — 2k
R¥1 — k%)’ R¥1 — k%’
201 — 2k%) 2(1 — 2k%)
R¥1 — k¥ R*(1 — k)

R,;, = diag (—

). (5.3)
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Comparing with (2.40), we see that we indeed have a
solution of the field equations, with

u, =(1,0,0,0) 5.4

and

KP4k —1), A= — —
2A R*(1 — k%)

The meaning of (5.4) is that Y, is the velocity vector
field of the matter. Since Y, = 0/0x° [see (4.10)], it
follows that in (4.12) the %° lines are the world lines
of the matter, as stated earlier.

1n order to investigate the motion of the matter, we
have to integrate the equations®

Ly (¥) = Vg (¥) = V(Y
where Y is perpendicular to Y,, that is,
Y =n"Y,,

the summation extending over 1, 2, 3.

The vector Y is a vector perpendicular to a
particle geodesic, and the tip of its arrow is in the
neighboring particle geodesic.

Substituting (5.7) into (5.6), applying the rules of
the covariant derivation, and introducing the notation

(5.5)

(5.6)

6.7

7;]“ =Y 0"7“;
we obtain the equations

7t = Cabo”]b- (5.8)
Using (5.1), we get
L 1= k( 2 )% .
T= R \U=ae—1)"
14+ k 2 d 1
- , (5.9
R ((1 — )@k — 1)) 7. (59
7 = 0.

These equations describe the motion of the matter with
respect to the 3-dimensional vector frame of the Y.
As a consequence of these equations, we have

(A + Kyt + (1 — kyiPn® = 0,
and by integration we obtain
(1L — KR + [/ + R = 42, 4 = B,
(5.10)

as the equation of the orbit for the neighboring
particle. The orbits of the particles in the Y, frame
are, therefore, ellipses in the (Y3, Y3) plane. The main
axes of the ellipses are in the Y; and Y, directions.
The axes of the ellipse rotate around Y; with respect
to the inertial compass. To see that, we determine the
motion of the frame Y, along the world lines of the
matter. Using the formula

Y, = VYO(Ya =1 Y,

ISTVAN OZSVATH

and (5.2), we obtain the equations

¥, =0,

2 z
¥, = 1—2k ( 2 ) Y,,

R \l—®@k—-1

) [ — ok 2 3 (.11) -
Y2 _ ( 2 2 ) Yl’

R\ — @k — 1)
Y, = 0.

The content of these equations is that Y*is parallel’
propagated along the %° lines and Y; and Y, and that
the axes of the ellipse (5.10) are rotating around Y,
with respect to the parallel propagated frame.® The
angular velocity of this rotation is given by

. 1=k ( 2 )f
¥ frame R\ — @kt -1
This gives a characterization for the frame Y,, Y,
Y,, Y, by the motion of the matter.
Another way to bring Y, ¥,, Y5in connection with
the motion of the matter is fo decompose the tensor
field

U(X, Z) = (Vx0)(Z) = X0%2) — 0°(Vx(Z))

into symmetric and skew-symmetric parts (6° is the
covariant tensor field, 1-form, corresponding to Yj).
The components of the tensor field U are given by

Up=UX,, T,) = =T, [see (2.9) and (2.10)].

The symmetric part, the tensor of shear o, has the
nonvanishing components

k 2 J
O = Og1 = R((l _ kz)(4k2 _ 1)) . (5.12)

The skew-symmetric part, the tensor of rotation w,
has the nonvanishing components
S
R \(1 — K*)(4k?

Wip = —Wg =

— ) e

The nonvanishing component of the rotation vector V,
defined by

abed,

a 1
vt = —gn UWeq >

(5.14)
is given by

2 _ 2 2 ¢
"TR ((1 — IE)4KE — 1))' &1

Therefore, writing the tensor fields in contravariant
form, we obtain

%
)m®n+n®m
(5.16)

.
g =
R\(1 — EH(4k* — 1
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or

_k 2 b
T R((l — K)(4k? — 1)) [27(h + 1)

@2 (% + v - 2% (n - 1)
® 27 — Y)l; (5.17)
that is, the eigenvalues of ¢ are
k 2 J
= 5.18
amae—n) W
and the corresponding eigenvectors are

273Y, & T). (5.19)
The vector of rotation is given by
2 &
= press) RORCED
R \(1 — k®»(4k* — 1)

For no value of k, § < |k| < 2-%, is the shear or
rotation vanishing. The Gédel cosmos is therefore not
contained in Class II. This concludes the characteriza-
tion of the frame Y,, Y;, Y,, Y3 by the motion of
the matter.

Using (2.36), we can calculate the components of
the curvature tensor field and the Weyl tensor field C,
which turns out to be of Type I and can be given by
the nonvanishing components

2k*
C = -—-C =
2323 1010 IRY1 — &)
Cor o 2K
3131 2020 3R2(1 _ kz) D)
2 (5.21)
Con = —Co e — A7
1212 3030 3RY(1 — 1) >
2k 1
Cogzio = —Capoo = ————— [3(1 — 2KH]7,
2310 3120 R2(1 _ k2) [3( )]
defined by
Cabcd = C(Wz, Wb, Wca I/Vol):o (522)
where

0

1 2(1 — 2k%)\E
— _—% Yo - (_—‘_—') Py
(4K — 1) 4k* — 1
w=24 0 - Y, w=2%Y + 1), (523

— 22\
TR T
4k — 1 (k2 — 1t

We notice that the Weyl vector fields W, Ww,, W,,
and W} can be regarded as the eigenvector fields of the
tensor of shear [see (5.13)]. W, and W, belong to
the eigenvalue zero.

6. GEOMETRY OF THE SOLUTION

Consider the basis Z,, Z; , Z,, Z defined by (4.26).
The Lie algebra of M, is given in this basis by the

Y,.

following commutation relations:

2 14 2k?

[ZlaZ2] - R [(1 _ kz)(l + 2k2)]%zo,

2 1—k
Zo, Zy] == -7
e 2ol = R =0 + 2k

2 1+k
Zo, 2] == Zs,
SR TRy S R
[ZOaZ3]=0,

1+ k(201 —2k)
1Z,2Z;] = — ( ( 5 ) 2)22,
R \(1 — k(A + 2k
21 — 2k?) )%z

(1 — (A + 23 ™
The first three commutation relations show that
Zy, Z,, Z, form together the basis of a 3-dimensionzl
subalgebra of the Lie algebra of M. The second three
commutation relations indicate that the subalgebra is
an ideal. This ideal generates H®.

Using (2.32), we compute the components of the
affine connection

1—k
20, 23] = + (

1 1 — 2k?
RI(1 — &)1 + 261
k ( 2(1 — 2k?) )%‘
Do = — = P )
R\(1 ~ K¥®(1 + 2k?)
1 1 42k+2%

sz =

e R =+ 20
= E( 2D ) ©2
R\(1 — (1 + 2k%)°
11— 2k 42k
OTRIA — k(L + 20
1/ 21 =2k
se R((l — k(1 + 2k2)) '

From (6.2) we can read out a bit of geometry. Since
VZ,,(Za) = Paab Zb =0, a= 0,1,2,3,

it follows that the vector fields Z,, Z,, ZZ, Z, are
geodesic. Denoting V, (Z,) by Z,, we have

Z() = 05

, 1/ 20 —2kH)

Zl = ——( 2 2 ) 2>

R\ — k(1 + 2k%)
: (1 — K31 + 2k3)) 7"

Z;=0.

Therefore, it follows that Z, is parallel-propagated

along the x* lines and Z; and Z, rotate around Z,
with respect to the parallel-propagated frame, What
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is the geometrical meaning of Z,, Z, , Z,? These three
vector fields are tangential to the 3-spaces X* = const.
Lookirig into the geometry of these 3-spaces, we see
that the components of the affine connection and the
Ricci tensor field are given by

1 1 — 2k
R — K1 + 2P
1 142k 42k
R — k)1 + 26
11 —2k+ 2k

TR — k(A + 2601

I‘012 =

(6.4)

F120 =

F201 =

and

21 + 2k + 2K — 2k + 2k
h RX(1 — KB + 2K%)
21 — 2Kk3)(1 — 2k + 2k?)
R¥(1 — kB(1 + 2k?)
21 — 2K + 2k + 2k)
R¥(1 — KB(1 + 2K%)

)

R,, = diag (

), (6.5)

respectively; therefore, Z,, Z,, Z, are the eigenvector
fields of the Ricci tensor field. The eigenvalues do not
depend on %* [see (6.5)]. The nonvanishing compo-
nents of the curvature tensor field are

(1 — 12kY
R*1 — k51 + 2k%)°
(1 + 2k — 2k2)?
TORAL — KA + 26%)°
R — _ (=2 =2
BT RA(1 — DA + 2k

1212 =

R2020 -

(6.6)

[see (2.36)]. These are also independent of x3.
Introducing the notations

po = 1 — 12k%,
pr = —(1 + 2k — 2k2)?

= —4[k — 31 + /Plk — (1 — DB, (6.7)
pa = —(1 — 2k — 2k?)?

= —4[k 4+ 3(1 + /IPIk + 31 ~ /)P

and constructing Fig. 1, we obtain an impression
about the dependence of (6.6) on the parameter k.
Changing the sign of k is equivalent to changing the
one and two directions. p, remains unchanged under
the switch of sign in k.

The geometric meaning of (6.6) is as follows: Ry,
Ropap> Roer are the Gaussian curvatures of the
geodesic surfaces spanned by the vectors Z,Z,,
Z,Z,, and Z,Z, , respectively, at the point in question.

P
Bl
P N
’ \
/ \
/ \
/ \
I v
-1z | |7 1
\ : . - K
N I/ \\ A / \\
\ / \ / \ /
\\ \ /P //
\ 1
3 [N 2 /
\\ v
\ \l/ /
\ Y 1P
\ !
\
I !
\\ i /
\ /0 !
\ I /
\ ! \ /
\ / \ /
\ / \ {
/ -2\
I /I ‘o I
I i
I i

FiG. 1. pg, p1, ps are proportional to the Gaussian curvature of
the geodesic 2-surfaces spanned by Z,Z,, Z,Z,, and Z,Z,,
respectively.

From this it follows that the geometry of the hyper-
surfaces

ds® = (JR*[(1 + 2k3)(@°) — (1 — k)
X (@' cos Bx® + @2 sin Bx%)? — (1 + k)
—(—®'sin x® + @2 cos fx3)?]

[see (4.28)] is independent of ** and is given by the
geometry of the space

ds® = (FRP[(1 + 2k3)(6°)? — (1 — k)(@Y)?
— (1 + k)@ (6.8)

We can think of the space-time (4.28) as a 1-
parametric family of 3-dimensional hypersurfaces—
X* being the parameter. These hypersurfaces are
generated by H? and all have the geometry of (6.8).
The x° lines are perpendicular to these hypersurfaces,
which are embedded in (4.28) such that the Z; and Z,
directions rotate around Z, as we move along the %
lines. This is the geometrical content of (6.3). The
%® lines are spacelike; therefore, no physical observer
can actually move along them.

It is probably interesting to point out the difference,
or similarity between the Class I' and the Class II
universes. We can think of the Class I universes as a
I-parametric family of 3-dimensional hypersurfaces—
f being the parameter. These hypersurfaces are gener-
ated by $%, and all have the geometry of

ds* = —(FRP[(1 — k)@Y + (1 + k)@
+ (1 + 2k%)(@%2].

S



DUST-FILLED UNIVERSES OF CLASS II AND CLASS III

(The range of k is |k] < % and

diot = —2 A ©°,
do? = —@3 A @,
diod = —adt A ®2)

The 7 lines are perpendicular to these hypersurfaces,
which are embedded in the Class I universes such that
the Z, and Z, directions rotate around Z; as we move
along the 7 lines. The 7 lines are timelike; therefore,
physical observers can actually move along them.

We return now to the discussion of the Class II
universes. One sees from Fig. 1 that the geometry of
(6.8) is very simple at

k=2t

Our metric is then a special case of Class III universes,
as we shall see later.

In order to verify our observation at the end of
Sec. 4, we compute the components of the Ricci tensor
field with respect to the Z’s. Using (2.37) and (6.2),
we obtain the following nonvanishing components:

2 144
R*(1 — KB + 2k%°

_ 4k 20— 21

T ORE(L— KA1+ 2k)°

00 =

03

21— 2k (6.9)
Rn=Rzz=1?2 1— k2’
_ 4k 1 — 2Kk?
PR (L — KA1 42k
In the case of k = %, (6.9) takes the form
Ryo = —20/9R2, Rys = 8/9R2,
Ry; = Ryy = 12/9R?, Ry = 4/9R%.  (6.10)

Using (2.40),one sees that the field equations can be
satisfied by
U, = (13 O: 0, —1),

kp = 8[9R?, A = —16/9R". (6.11)

Since u®w, = 0, one can interpret this model as
filled with radiation having the energy density p and a
A term. With these remarks, we close our discussions
of the Class 11 universes.

7. THE METRIC OF THE CLASS 111
UNIVERSES

We consider the Lie group R X H?® as before and
impose on it another metric as follows. Let

p>0 and |5 <1 7.1)
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be two real parameters and introduce in the Lie
algebra (3.34) a new basis by
YO = %KP)%X(H
Y, = Gep)2/(1 + )X,
Y, = (3xp)*2[(1 — )IEXs,
Y; = (3rp)iXs,
and we define the metric on M, by demanding that
Yy, Y1, Y5, Y5 be pseudo-orthonormal, that is, that

(1.2)

g(Yaayb)=gab=d1ag(+1a _1,_15_1) (73)
In other words, we define the line element to be
ds® = (0°2 — (0Y)2 — (6% — (6%,  (7.4)

where 6°, 6%, 62, 6% form the corresponding basis of
the left-invariant 1-forms, that is,

6 = 2/xp)bas,
0r = Qlepl[E(1 + ),

62 = (2R — 9o, (7.5)
6% = (2/xp)iws.
After trivial substitutions, we obtain
ds® = (2[kp)[(@°)* — 3(1 + s)(w))?
— 31 — ) (w?? — (0*)?], (7.9)

where the w’s satisfy (3.35) and, if we use the coorci-
nate system introduced before, can be given by (3.27)
and (3.33). All the physical and geometrical investiga-
tion can be carried out in the frame of the Y’s given
by (7.2) and in the coordinate system introduced in
Sec. 3, since the two different frames and the three
different coordinate systems introduced in the case of
the Class II universes coincide here, due to the
simplicity of the line element (7.6).

At 5 = 0 we have the Godel cosmos as we see in
Sec. 8.

8. MISCELLANEOUS RESULTS AND THE
MOTION OF THE MATTER
Consider the basis Y,, Y;, Y, Y, defined by (7.2).
The Lie algebra of M, is given in this basis by the
following commutation relations:

1 2
Y, Yo] = —(3xp) (1—_52—)% Yy,

— (L Lt

[Yz, Y] = (2".0) 1— 52)% 15 (8.1)
(L L8

Y, i1 = (%KP) (1 — sz)% 25

[Ya, YS] =0, a=0,1,2.
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Using (2.32), we compute the components of the
affine connection

Fom =0,

1—s
Ty = —(3xp) s
120 2Kp (1 — 32)2, (8.2)
- p_1+s
[yo = —(3xp) (- sz)% .

Using (2.37), we find that the only nonvanishing
component of the Ricci tensor field is given by

Ry = —kp. 8.3)
Comparing this with (2.40), we see that
A= —1xp 8.4)
and
u, = (1,0,0,0). (8.5)

The meaning of (8.5) is that Y is the velocity vector
field of the matter. Since Y, = (4xp)?0/0x°, the
t = (2/kp)¥x0-lines are the world lines of the matter.

In order to investigate the motion of the matter,
we have to integrate Eqgs. (5.6). Repeating the same
reasoning as in Sec. 5 and using the same notations
we find that the equations

, 145
1 Ly 5 2’
7= (Gxp) 1o
.3 1 1—s5 8.6)
e
n gkp 1 sz)%
7P =

describe the motion of the matter with respect to the
3-dimensional vector frame Y;, Y,, Y;. The orbits
of the neighboring particles are given by

((1 st)%)2 * ((1 Zg s)%)z =A% n°=B, (87)

which are ellipses in the Y;, Y, plane. The main axes
of the ellipse lie in the Y; and Y, directions.

The axes of the ellipse do not rotate, since from
the equations

Ya = VYO(Ya) = F()ab Kz
and from (8.2) it follows that
Y0=0, Y1=0, Y2=0, Y3=0.

Therefore the frame Y;, Y,, Y, is parallel-propagated
along the x° lines and can therefore be chosen as the
inertial compass. This gives a characterization for the
frame Y,, Y;, Y;, Y3 by the motion of the matter.
Another way to bring Y;, Y,, Y, in connection with
the motion of the matter is to compute the tensor of
shear and the vector of rotation. Along the lines
explained in Sec. 5 and using the same notation, we

find that

o= (Jep)is(l — H 28T, + ) @ 27H(X; + To)
— 27N - Y @274 (Y, - Yol (88)

that is, the eigenvalues of ¢ are

+ (3rp)bs(l — 57)7% (8.9)
and the corresponding eigenvectors are
273(Y, £ Yo). (8.10)
The vector of rotation is given by
V= —(rp)is(l — s2)tY,. (8.11)

The shear is vanishing for s = 0; therefore, we have
the Godel cosmos at this value of the parameter s as
we already stated at the end of Sec. 7.
This concludes the characterization of the frame
Yy, Y1, Ty, Yy by the motion of the matter.
Using (2.36), (2.37), (2.39) and the formulas
Cabcd = Lgpeg — Eabcd - TIERgabcd’
where
Eabcd = %(Sadgbc - Sacgbc + gadSbc - gachd)9
Sab = Rab - 7i‘Rgab’ (812)
and
Bavca = 8adbvc — Bac8va»

we can calculate the components of the Weyl tensor
field. The nonvanishing components are

Cosas = —Cug10 = 51p, Cuin = — Caong = §rp,

Cizz = —Cazp = —3xp.
This is a type I ¢ Weyl tensor'® (type D) and Y, Y7,
Y,, Y; are the Weyl vectors. We can give for (7.6) a
similar description as we gave to (4.28) toward the end
of Sec. 6.

We can think of the space-time (7.6) as a 1-para-
metricfamily of 3-dimensional hypersurfaces—x3being
the parameter. These hypersurfaces are generated by
H?, and all have the same geometry. The x® lines are
perpendicular to these hypersurfaces, which are
embedded in (7.6) such that Z,, Z;, Z, are parallelly
propagated along the x® lines. The x® lines are
spacelike.

From this, one sees that (7.6) is intrinsically similar
than (4.28). One can use these models to study the
motion of rotation within the general theory of
relativity.

In a forthcoming paper, we discuss singularly the
Class 1V universes which then exhaust all the possi-
bilities for homogeneous universes with dust within
the framework of general relativity.
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